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Abstract. The paper is devoted to the solution of nowadays relevant issue regarding the scientific
substantiation of the most effective methods of mining rocks for various needs of the national economy,
including for the construction of highways. The research was carried out on the basis of mathematical
modeling methods, taking into account the rheological properties of rocks, heterogeneity of their structure,
microdamage and behavior of the rock massif over time. As part of the work, geological material consisting
of an isotropic viscoelastic matrix with stochastically placed inclusions in different directions was
considered. The change in the stress-strain state of rocks with viscoelastic properties and containing
randomly placed inclusions is determined. Provided that the size of the body is much greater than the size of
the microinhomogeneities, the area containing the environment is considered infinite. The mathematical
model is constructed on the basis of the fact that when homogeneous loads interact on a statistically
homogeneous body, the random fields of stresses and strains that arise are also statistically homogeneous,
and therefore, volume averaging can be performed as statistical averaging. The derivation of the calculation
formulas is connected with the setting of an explicit form of density distribution of inclusions by direction.
Based on the constructed mathematical model, microstructural stresses were investigated, effective
parameters were calculated, and their dependence on the shape, orientation, and volume concentration of
inclusions was determined. In addition, as a particular case, a fractured environment is considered. Taking
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into account such a significant heterogeneity of the geological rock and the presence of microdamages, the
dependence of viscoelastic deformations on time and degree of damage was obtained. The obtained results
make it possible to further evaluate the geomechanical situation, as well as to obtain the parameters of
development systems for underground or open mining operations, which in turn will allow efficient mining
of useful material.

Key words: rocks, rheological problem, stress-strain state, viscoelasticity operator, creep parameters.

Introduction. At nowadays, stone materials are one of the main building materials that are quite
widely used in industrial and residential construction, hydraulic structures, and in the construction of
highways and railways. So, for example, more than 13 thousand cubic meters of stone materials need to be
spent to build 1 km of the II category road. At the same time, effective extraction and use of stone materials
is not possible without scientific conclusions and justifications, which determines the relevance of
corresponding scientific research. A comprehensive investigation of the mechanism and patterns of rock
behavior will provide an opportunity to obtain knowledge that will allow, in specific mining and geological
conditions, based on the initial data of geological exploration, to assess the geomechanical situation, as well
as the parameters of development systems in underground or open mining operations, which in turn will
allow effectively extract a useful component.

The development of the study of deformation processes of geological structures [1] is ensured, in
particular, by the methods of mechanics of continuous heterogeneous environment [2]. Researching the
mechanisms of accumulation of tectonic stresses, creep under constant loads, etc., are extremely important
tasks. Indeed, under the influence of stresses, the formation of micro- and macro-cracks occurs, the processes
of delamination, faults, and, ultimately, the destruction of the rock structure develop. Mechanical properties
of rocks can be into deformation properties, which characterize the ability of rocks to be deformed under
load; strength, which characterizes the resistance of rocks to various force influences; rheological, which
characterize the change in strength and deformation properties in time.

Real geological massifs mainly have a random heterogeneous structure, which is determined by both
the arbitrary shape of the filling particles and their random placement. The solution of this class of problems
is connected with the application of mechanical models that take into account the heterogeneity of structures
[3]. Application of methods of the theory of random functions allows to determine almost all real structures
of heterogeneous environments [4]. Rocks with an irregular structure can be represented as a environment
with effective mechanical characteristics that are random functions of coordinates.

Purpose and methods. An important task is to predict the behavior of the rock mass, taking into
account the heterogeneity of its structure and microdamage. Indeed, even at the stage of designing a mining
enterprise, an engineer needs to know what the load will be on the fastening of the mine workings, whether
the soil of the workings, the sides of the pits and the slopes of the dumps will be stable, and about many
other geomechanical indicators that would allow safe and economical development of the earth's subsoil in
the future . For this, it is necessary to construct, to define mathematically and to analyze the appropriate
geomechanical models.

The purpose of the work is to find viscoelastic operators and solve the problem of changing the stress-
strain state of the geological rock in time, considering the heterogeneity of the material and the presence of
microdamages.

The object of the research is geological materials of random heterogeneous structure with viscoelastic
properties.

Research methods are mathematical and mechanical modeling of the stress-strain state of a
heterogeneous material.

Results and explanations. A geological material consisting of an isotropic viscoelastic matrix with
stochastically placed inclusions in different directions is considered. That is, this environment has the same
mechanical properties in all directions. The problem of rheology the purpose of which is to define the stress-
strain state of rocks and other materials, considering their tendency to creep and relaxation takes place.

This problem is reduced to compiling the so-called equations of state, i.e. such equations that connect
the components of stresses, strains and their time derivatives into a single relationship. In all available
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investigations, it is considered that the equations of state sufficiently accurately determine changes in the
stress-strain state of materials if the external conditions are such that deformations and stresses cannot be
considered constant. For clarity of presentation of rheological processes, the method of structural models is
usually used. This method consists in the fact that the properties of the body are defined using a specially
selected mechanical model. The model should consist of elements that perfectly reflect the fundamental
qualities of the initial material. So, for example, at a certain level of loads and their application quickly
enough, all solid and cohesive rocks behave as elastic bodies obeying Hooke's law. Special investigations
have established that grain boundaries in polycrystalline materials, which include rocks, behave like a
viscous material. This circumstance leads to the fact that the temperature in a certain way changes the
internal friction in such bodies, their deformation and strength characteristics. Under conditions of
sufficiently long external loads, polycrystalline materials generally behave like a very viscous material.

Equations of equilibrium in stresses for arbitrary continuous environment [1], which are valid at every
point of the volume V" are following

8017
+pF =0. (D
Oox,

J

Equations of compatibility of deformations are
EniiCrniCijm = 0 2

The generalized Hooke's law in the case of an isotropic linear elastic environment under the influence
of only mechanical factors has the form

E 1%
o.= £+ 0.8, |- 3
’ 1+v( N B ""J ©)
_ Li=j ..
Here 0, is the Kronecker’s symbol 0 = 0ie i i,j=1,2,3. 4)
NE

Relationship between strains and stresses for such an environment has the form

1+v v
gij :TO'I.j _Eé‘ijakk' (5)

The form of Hooke's law is the most widely used through the Lamé coefficients A and p , which are
related to Young's modulus E and Poisson's ratio v by the formulas

vE E
(1+v)(1-2v) 2(1+v)
namely
o, = Ay 0, +2ue; (7)
In the rheological problem, Hooke's generalized law has the form [5, 6]:
Oijj = Ajjkl €kl » (8)
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where /iijk] = A |:f—J.Kl.jk1f(T)dT}. 9
0

Here Zijkl is tensor of linear operators of viscoelasticity [7], /ﬁtijkl is tensor of instantaneous elastic
moduli, K, are kernels of viscoelastic operators. It is known to be, for environments with randomly located
inhomogeneities, tensors ﬂijkl and Ky.k, depend on space coordinate randomly. Since the time integration

procedure is commutative with space integration and statistical averaging then the solution of the elastic
problem can be used to solve the viscoelastic problem. Namely, in the final result, elastic moduli are
replaced by viscoelastic operators.

*
The tensor of the macroscopic modulus of elasticity ﬂijkl of a micro-inhomogeneous body is defined

by the relations
— * p—
i = Aijki €kl - (10)

_ 1 _ 1
Here Ojj _;I'[O-ijdv, &jj —;i[é‘ijdv . (1)

Equilibrium equations must be satisfied at all points of the studied body. Upon reaching the border of
the area, the stress components must be such that they are in equilibrium with the external forces applied to
the border. Because of this, external forces can be considered as a continuation of internal tensions.

Relations (1) are written on the basis of equilibrium equations

O ij,j = 0 (12)
Hooke's law connecting stresses Ojj and strains ejj at an arbitrary point for a micro-inhomogeneous

body has the following form

where ejj is unit antisymmetric tensor, ﬁijkl is a tensor of elastic moduli, which is a statistically

homogeneous random function of coordinates. Substituting (13) into (12), we get the problem in
displacements

(i), j =0 (14)

Determining the stresses from (14) as a function of average deformations £f; and averaging them

over the volume, we obtain (10).

We assume that any volume of the environment is continuously filled with its substance, that is, it
forms a so-called material continuum. Such an assumption makes it possible to consider that an arbitrarily
small volume of the area of space occupied by the body around an arbitrary point contains the given
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substance. If the size of the body is much larger than the size of the micro-inhomogeneities, then the area
occupied by the environment can be considered infinite.
Interacting of homogeneous loads on a statistically homogeneous body, the arisen random fields of

stresses Oj; and strains &jjare also statistically homogeneous. Therefore, volume averaging coincides with

statistical averaging

&5,=(0,): (15) g, = (&), (16)
where <O'Z~J->=j0'ljf2(0'lj)d(7,']' 17)
(e7) = g faleg ey (18)

In this case, Hooke's law aquires the form

(o) = (Hijmrena ) = (Aajua Newr) + <’12'k151?1> : (19)

For statistically homogeneous deformations, displacements are presented in the form
_ 0
uj =\€ij )%i +u;, (20)

where ulo is fluctuation of displacements. Then the equation of equilibrium in displacements follows from

equation (4).

0 o0 _
<’1ykz>”k 1+ A lew)+ (’%‘kz“k,z )] =0. @1

Since the regular part of the displacements <8ij >xl~ at infinity increases indefinitely, the fluctuation

ulo at infinity is equal to zero

up

=0. (22)

o0

Therefore, this problem is reduced to the solution of equation (21) with the boundary condition (22).

Let's construct an equation for moments <u k( )ﬂ%(qn)m > To do this, we will carry out 8, 9] certain

transformations and lead statistical averaging of the equilibrium equation (21). As a result, we get
0 0(1),0 0 0
<ﬂ“ykl ><uk]( )ng%n> <1 ( )/1 ( ) ><gk,> </1 ) uk(l) /lp(q,,)m> (23)

The equilibrium equation (23) with respect to moments can be written [10] in following form
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</1ijkl > Qj;qmn ol (yl) = _F[jjq]:im > <8kl> : (24)
This equation is written in the correlation approximation. Moreover
k — [,0(1) 2i0(2) \ . ijkl _ [ i0() 9i0(2)\ . L @ (2)
qumn (yl) - <uk //qumn > 4 Fpi]mn (yl) - <j’ijkl /lpqmn > 4 Vi = xl' - xi . (25)
Then Hooke's law (19) for averaged stresses aquires the form [11, 12]
<O-i/> = <ﬂ’ijkl><gkl > + le;kz’l 0). (26)

After application of Green's function

I f= IGa(i,j)ﬂ (x —=x)f(x)oV + J.Ga(i’j) (x—x)f(x)N oS, Q27)
we obtain
O () = [ Gy (6 =xVEr, (xP)dV ) (z,,) (28)
14

Taking into account that F "¢ (oo) =0, and having integrated the last expression we get

ijmn
Oyt (0= [ Gy (= Vil (3,)dV (£, ) (29)
v
The tensor of macroscopic elastic moduli is written in the form

ijkl ymn

2 = (A )+ [ Gy (=X Ei ()Y (30)
V

For geological environments with granular stochastic structure

1

Qs (0)= —W[@(um (0)=2{A+u)F(0)(z,,)5, +

+2(2+8u)F, (0){z,,)]. 31)

Finally, we find the relationship between the average stresses and strains

_ ﬂ* S 2 * 2
<O'jk>— <8pp> jk t2H <5jk>- (32)
This expression contains macroscopic Lame's constants

1

z*=<z>_m + 1)

4(2
3E1 (0) + 4E2 (0) T 7 N

5(u)

F,(0) |; (33)
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2(34+8u) F,,(0)
15(u)(A+2u)

Ho=(p)-

(34

Equations (32)-(34) are valid for arbitrary types of spatial orientation of inclusions. In addition, these
equations allow taking into account damage to the geological environment. The derivation of the calculation
formulas is related to the assignment of the explicit form of the density of the included distribution by
direction. So, for example, in a partial case, the values of the effective creep parameters of an isotropic
environment with cracks are calculated according to (33), (34) from the ratios that are expressed in terms of
the corresponding creep parameters of the environment without cracks and the damage parameters, which
depend on the radius of the cracks and their number on volume [7]

A =al, (35) w = Pu; (36)
1
where a= > - 37
I+o(1-v7)(1-2v)
1
= . 38
p 1+ o(1-v)A-v/51-v/2)" %)
The parameter @ characterizes the degree of rock damage
8 na’
ao=——- N 39
3 v (39)

where a is the radius of the cracks, n is the number of cracks in the volume V. It should be noted that
cracking leads to a significant decrease in the strength characteristics of the rock massif. Cracks are called
breaks in rocks, along which displacements are completely absent or insignificant. A set of cracks that
dismember this or that part of the earth's crust is called fracturing. Cracking, as an element of the structure, is
also one of the characteristic features of the rock massif. Cracks traced in rocks are usually divided by
genetic characteristics into natural (congenital, primary) cracks that arise during the formation of geological
bodies; tectonic, formed as a result of orogenic processes; artificial ones that appear in the process of
preparatory and cleaning works in mines, drilling and blasting, as well as due to other reasons. Effective
viscoelastic operators cannot always serve as a reliable damage indicator. However, they are quite often used
to model the quasi-brittle process of microdestruction of materials.
Conclusions and recommendations

The change in the stress-strain state of rocks having viscoelastic properties and containing randomly
placed inclusions has been examined in paper. Microstructural stresses were studied, effective parameters
were calculated, and their dependence on the shape, orientation, and volume concentration of inclusions was
determined. In addition, as a partial case, a fractured medium is considered. Taking into account such a
significant heterogeneity of the geological rock and the presence of microdamages, the dependence of
viscoelastic deformations on time and degree of damage was obtained.
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AHoTanisi. Po00oTy npHCBSYEHO BUPIIICHHIO aKTyajdbHOTO HAa CHOTOIHINIHINA N€Hh MUTAHHS IOJIO
HayKOBOTO OOTPYHTYBaHHS HAWOUTBII €(EeKTHMBHUX CIIOCO0IB BHUIAOOYBAaHHS TIPCHKUX TOPIN I PI3HHX
moTped HAPOJHOrO TOCHOAAPCTBA, Y TOMY YHCII 1 JUis OyAiBHHMIITBA aBTOMOOLIBHHMX MOpIr. JlocmimKeHHs
MIPOBEJICHO HAa OCHOBI METOJIIB MaTeMaTHYHOTO MOEIIOBAHHS 3 YpPaxXyBaHHSM PEOJIOTIYHHX BIACTUBOCTEU
TIPCHKUX TOPiJ, HEOTHOPITHOCTI X CTPYKTYPH, MIKPOTIONTKOIKEHOCTI Ta TOBEIIHKH TTOPOJTHOTO MACHBY Y
yaci. B pamMkax poOOTH PO3IIISTHYTO T€OJIOTIYHUI MaTepiall, 0 CKIANAEThCS 3 130TPOMHOI B’S3KO-TIPYKHOT
MaTpHIli i3 CTOXAaCTHYHO PO3MILICHUMH BKIIOUEHHSIMH y Pi3HHX Hampsmkax. OmucaHo 3MiHY HampysKeHO-
ne(OPMOBAHOTO CTaHy TipChKHX TIOpiA, HIO0 MAlOTh BIACTUBOCTI B’S3KOMPYXKHOCTi, Ta SKI MiCTATh
BUIIAKOBO pO3MillleHI BKIroueHHA. [Ipu ymoBi, 1m0 po3mipu Tinma Habarato OBl PO3MipiB
MIiKPOHEOAHOPIAHOCTEH, TO O0NacTh, MO 3alMa€eTbCs CEPEAOBHUILEM, PO3IIIAJAETHCS SIK HECKIHYEHHA.
MarematndHy Monenb MOOYJOBaHO Ha OCHOBI TOTO, IO NPH B3a€MOJIl OJHOPIAHWX HABAHTAXKECHb Ha
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CTaTUCTUYHO OJHOPIJHE TIJIO BWIIAQJKOBI IOJISI HANpYXeHb Ta JedopMalliif, sKi BUHHKAIOTh, TaKOX €
CTaTUCTUYHO OJHOPIAHUMH, a OTXKE, YCEpeAHEHHs MO O00’eMy MOXHA 3IIMCHIOBATH, SIK CTaTUCTHYHE
ycepenHeHHs. BuBemeHHS po3paxyHKOBUX (DOpPMYJ TIOB’S3aHO 13 3aJlaHHSAM SBHOTO BHUAY IIUIBHOCTI
pO3MOAUTy BKIIOYEHb 3a HampsMkamMd. Ha OCHOBI MOOymoBaHOI MaTeMaTHYHOI MOJEN JOCTiIHKEHO
MIKPOCTPYKTYpHI Hamlpy>KeHHs, 004HCIeHO eEeKTUBHI MapaMeTpy Ta BU3HAUEHO X 3aJIeKHICTh Bix gopmu,
opieHTamii i 00’€éMHOI KOHIEHTpamii BKIo4YeHb. Jlo TOro X, SK YACTHHHUN BUNANOK, PO3TISTHYTO
TPIIIMHYBATE CepeoBUIe. BpaxoByoun Taky CyTTEBY HEOAHOPIIHICTH T€OJIOTIUHOI MOPOAN Ta HASBHICTH
MiKpOTOIIKO/PKEHb OTPUMAHO 3aJICXKHICTh B’ SI3KO-NIPYKHUX AedopMariiii BiJl 4acy Ta MipH MOIIKOKEHOCTI.
OTpumaHi pe3ylbTaTd AAlOTh MOXKIHMBICTh B MOJANbIIOMY OL[IHUTH TE€OMEXaHIUHy CHUTYyallilo, a TaKoxX
OTpUMATH TapaMeTPU CHCTEM PO3POOKH MPH MiJ3EMHHUX UM BiIKPUTHX TiPCHKUX POOOTAX, 110 B CBOIO YEPTy
JI03BOJIUTH €(hEeKTUBHO BUI00YBAaTH KOPUCHHI MaTepia.

KurouoBi cjioBa: Tipcbki Mopoau, peojoriyHa 3agada, HampyKeHo-AeOpMOBaHHH CTaH, OmepaTop
B’ I3KOIIPYKHOCTI, TapaMeTPH IMOB3y9OCTi.
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